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Abstract. We present a new set of statistical-dynamical
equations (SDEs) which can accurately reproduce the three-
dimensional atmospheric ﬁelds of synoptic scale kinetic en-
ergy and momentum ﬂux. The set of equations is closed
by ﬁnding proper parameterizations for the vertical macro-
turbulent diffusion coefﬁcient and ageostrophic terms. The
equations have been implemented in a new SD atmosphere
model, named Aeolus. We show that the synoptic scale ki-
netic energy and momentum ﬂuxes generated by the model
are in good agreement with empirical data, which were de-
rived from bandpass-ﬁltered ERA-40 data. In addition to
present-day climate, the model is tested for substantially
colder (last glacial maximum) and warmer (2×CO2) cli-
mates, and shown to be in agreement with general circula-
tion model (GCM) results. With the derived equations, one
can efﬁciently study the position and strength of storm tracks
underdifferentclimatescenarioswithcalculationtimeafrac-
tionofthoseofGCMs. Thisworkpreparesgroundforthede-
velopment of a new generation of fast Earth System Models
of Intermediate Complexity which are able to perform multi-
millennia simulations in a reasonable time frame while ap-
propriately accounting for the climatic effect of storm tracks.
1 Introduction
Transient atmospheric eddies play a crucial role in forming
the Earth’s climatic state and hence require accurate rep-
resentation in climate models. The high and low pressure
systems associated with individual eddies comprise much
of the day-to-day weather variability and their ensemble-
average form the so-called atmospheric storm-tracks in the
mid-latitudes (Blackmon, 1976; Chang et al., 2002b). In the
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mid-latitudes, synoptic eddies carry out the bulk of the pole-
ward atmospheric heat-transport and contain roughly half of
the total kinetic energy in the atmosphere (Lau and Oort,
1982; Barry et al., 2002). The interaction between ensem-
bles of synoptic eddies and the basic ﬂow plays a crucial
role in the stability of the latter and is thus of paramount
importance for the overall structure of atmospheric circula-
tion (Charney, 1947; Eady, 1949; Held and Hoskins, 1985;
Held, 1999). Furthermore, in regions of high synoptic activ-
ity, exchange of momentum between atmospheric eddies and
the oceanic mixed layer notably contributes to the intensity
of oceanic ﬂow, thereby directly affecting the thermohaline
circulation (White et al., 1980; Alexander, 1992a,b; Weaver
et al., 1999). Storm tracks thus have a critical role in both the
atmosphere and the climate system as a whole, and changes
in them are hence likely to play an important role in shaping
future climate change (Swanson, 2007).
The current availability of high resolution atmospheric
data-sets over several decades, like ERA-40 (Uppala et al.,
2006) and NCEP-NCAR (Kistler et al., 2001), allows quan-
tiﬁcation of the synoptic scale ﬁeld in terms of its kinetic
energy and heat, moisture and momentum ﬂuxes (Petoukhov
et al., 2008). Blackmon (1976) and Blackmon et al. (1977)
showed that 2–7 days time ﬁltering of meteorological data-
sets isolates the transient eddies with spatial scales of the
order ∼1000km, allowing to quantify storm tracks. This
and other early classical studies (Lau et al., 1978; Oort,
1983) identiﬁed the two northern hemispheric regions of ma-
jor synoptic activity, in the vicinity of the east coasts of
the North American and Eurasian continents at about 40–
50◦ N. In these regions, sharp horizontal gradients of large
scale temperature and wind-speed are observed, and hence
both strong baroclinic and barotropic transient eddy forc-
ing are generally thought to fuel mid-latitude storm tracks
(Pedlosky, 1979). Several decades of observations since then
have provided a consistent picture of synoptic scale activity,
quantiﬁed the seasonal variability and revealed variability on
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interannual (e.g. due to El Ni˜ no; Alexander, 1992a,b) and
decadal timescales (Chang et al., 2002b,a)
State-of-the-art atmospheric general circulation models
(AGCMs) explicitly solve for synoptic scale eddies and their
monthly averages can reasonably well reproduce the climate
statistics of the real atmosphere (Peixoto and Oort, 1984;
Roeckner et al., 1996; Laine et al., 2009). To explicitly re-
solve the eddies, AGCMs require a high resolution in space
and time and hence need ample computational time. The
fact that AGCMs are able to reproduce key atmospheric fea-
tures like the mid-latitude storm tracks by solving the prin-
ciple equations makes them essential tools in studying the
Earth’s climate. Still, substantial structural differences may
exist between observed and AGCM-simulated patterns of the
synoptic scale activity (e.g. their kinetic energy) for extended
atmospheric domains notably in the North Paciﬁc and in the
upper troposphere (Robinson and Black, 2005). Also, due to
their computational expense, both the number of simulations
and the simulated time period are limited.
In contrast to the AGCMs, statistical-dynamical atmo-
spheric models (SDAMs) are based on time-averaged equa-
tions in which the effects of transient eddies are parame-
terized in terms of the large scale ﬁeld (Saltzman, 1978;
Peixoto and Oort, 1984). These models directly resolve
the ensemble-averaged synoptic eddy characteristics (sec-
ond and higher order moments) rather than calculating the
contribution of each individual storm. The essential differ-
ence with AGCMs is thus the point of truncation in the fre-
quency spectrum of atmospheric motion (Saltzman, 1978).
This different approach allows much coarser spatial and tem-
poral discretizations, making SDAMs computationally efﬁ-
cient and allowing climate simulations up to multi-millennia
timescales (Kubatzki et al., 2000; Bauer et al., 2004). For
this reason, several of the Earth System Models of Interme-
diate Complexity (EMICs) (Claussen et al., 2002; Petoukhov
et al., 2005), including Climber-2 (Petoukhov et al., 2000;
Ganopolski et al., 2001), IAP RAS (Petoukhov et al., 1998;
Mokhov et al., 2002; Eliseev et al., 2008), MIT (Prinn et al.,
1999; Kamenkovich et al., 2002) and UVic (Weaver et al.,
2001), use statistical-dynamical atmosphere modules.
A major challenge in developing SDAMs is to derive use-
ful parameterizations for the synoptic scale moments appear-
ingintheequations(Saltzman,1978). Traditionally, themost
common way to achieve this has been by means of a diffusive
approximation for the second order moments (Green, 1970;
Branscome, 1983; Pavan and Held, 1996; Handorf et al.,
1999; Barry et al., 2002). Early diffusive models described
synoptic scale moments only in zonally averaged form, as a
function of the gradients of zonal wind (Starr, 1968), tem-
perature (Williams and Davis, 1965), or the combination of
them (Green, 1970; Stone, 1972a,b; Branscome, 1983) and
thus lacked geographical variation. However, based on ob-
servational data and primitive-equation model results(Black-
mon et al., 1977; Gall, 1976a,b; Schneider, 1981), the impor-
tance of longitudinal variations in the climatological zonal
ﬂow was soon acknowledged (Niehaus, 1980; Fredericksen,
1983; Robertson and Metz, 1990).
An alternative to the diffusive models is provided by baro-
clinic adjustment models, which postulate an equilibrium
between baroclinic wave forcing and the large scale atmo-
spheric temperature ﬁeld (Stone, 1978; Cehelsky and Tung,
1991). Farrell and Ioannou (1996a,b) were the ﬁrst to de-
velop linear stochastic models, which parameterize the en-
ergy and momentum transfer, associated with nonlinearity of
synopticeddies, asacombinationofstochasticexcitationand
enhanced damping. Using such models, Farrell and Ioan-
nou (1996a,b) showed that synoptic eddies can develop on
a baroclinically stable mean ﬂow. Their approach, which
used idealized zonally symmetric ﬂows, was extended by
Whitaker and Sardeshmukh (1998) to zonally varying back-
groundﬂowswithprescribedGaussianwhitenoiseexcitation
and linear damping. Applying the same method, Zhang and
Held (1999) performed a case study of the so-called “mid-
winter suppression” of the Paciﬁc storm track (Nakamura,
1992), and DelSole (2001) made an attempt to specify the
statistics of the stochastic forcing as a function of the back-
ground ﬂow and low-level eddy heat ﬂux.
The goal of this study is to derive a set of statistical-
dynamical equations which properly capture the synoptic
ﬁeld for climates not too different from present day, i.e. typ-
ically from the last glacial maximum (LGM) to a doubled
CO2-concentration climate (2×CO2). This is part of our ef-
fort to develop an Earth System Model of Intermediate Com-
plexity (EMIC) which can be used to do long-term simula-
tions within this climatic range. Starting from early work by
Lau (1979) and Lau et al. (1978), we derive a set of equations
for the kinetic energy and momentum ﬂux due to transient
synoptic eddies as well as parameterizations for the vertical
synoptic and ageostrophic terms. This set of equations is im-
plemented in a newly developed SDAM named Aeolus. We
compare synoptic ﬁelds generated by Aeolus with those of
reanalysis and GCMs for present-day, LGM and 2×CO2 cli-
mates, and show that they are in good agreement.
2 Governing equations
We start from the principle equation governing atmospheric
velocity (V = {u,v,w}) in the hydrostatic approximation
(Lorenz, 1967), as given by Eq. (A3) in Appendix A. A key
assumption of our approach is that we can split V into a
large-scale long-term (hVi) and a synoptic scale (V 0) com-
ponent such that V =hVi+V 0 ={hui,hvi,hwi}+{u0,v0,w0}.
As our focus is on parameterizing the synoptic scale ﬁeld, for
the remainder of this article we assume the large scale ﬁeld
to be known. Though in a 1-D atmospheric power spectrum
(i.e. as function of period or wavelength only) maxima from
long-term (∼30 days period) and synoptic-scale (2–6 days
period) ﬁelds are not well separated (Van der Hoven, 1957;
Oort and Taylor, 1969; Vinnichenko, 1970; Mitchell, 1976),
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Fig. 1. Band-pass ﬁltered ERA-40 data of terms capturing exchange of kinetic energy between eddies and the large scale ﬂow (in m2 s−3)
arising from (a) zonal, (b) meridional and (c) vertical shear of the large scale wind ﬁeld at 500mb for January. Note the different scale in (c).
in 2-D spectra (versus both period and wavelength) the gap is
more pronounced (Fraedrich and B¨ ottger, 1978). Even more,
in a 3-D power spectrum, with phase velocity as a third di-
mension, the long-term ﬁeld and the ﬁeld of transient syn-
optic scale eddies form distinct and well-separated maxima
(Petoukhov, 1991; Petoukhov et al., 1998, 2003), indicat-
ing that they are governed by different physical processes.
Therefore, splitting V into a large-scale and synoptic com-
ponent and parameterizing the ensemble characteristics of
the synoptic scale eddies in terms of the long-term ﬁeld is
principally allowed. By applying the appropriate averaging
procedures, we can derive statistical-dynamical equations for
the averaged kinetic energy of transient eddies hE0
ki deﬁned
as hE0
ki= 1
2(hu02i+hv02i) (see Appendix A for a full deriva-
tion):
∂hE0
ki
∂t
=−hVi·∇hE0
ki−hu0V 0i·∇hui−hv0V 0i·∇hvi
+Kfh1HhE0
ki+Kfz1zhE0
ki−KfshE0
ki
+f(hu0v0
agi−hv0u0
agi)
(1)
and the momentum ﬂux by transient eddies hu0v0i (see also
Lau, 1978):
∂hu0v0i
∂t
=−hVi·∇hu0v0i−hu0V 0i·∇hvi−hv0V 0i·∇hui
+Kfh1Hhu0v0i+Kfz1zhu0v0i−Kfshu0v0i
+f(hv0v0
agi−hu0u0
agi)
(2)
Here, Kfh and Kfz are internal atmospheric small/meso-scale
friction coefﬁcients in the horizontal and vertical direction
respectively, Kfs is the surface friction coefﬁcient, f the
Coriolis parameter and subscript “ag” denotes ageostrophic
terms. In Eqs. (1) and (2) (equivalent to Eqs. A43 and A44
in Appendix A), third order moments as well as the met-
ric terms have been neglected. The fourth till sixth terms
on the right hand side of Eqs. (1) and (2) are friction terms
whereas the ﬁrst describes advection by large-scale, long-
term wind. In Eq. (1), the second and third term on the
righthand side capture ﬂuxes coming from horizontal and
vertical shears in the large scale ﬂow. These thus capture
the exchange of kinetic energy and momentum ﬂux between
eddies and the “basic” ﬂow, due to its horizontal and verti-
cal shear. Lau et al. (1978) neglect the vertical components
of these ﬂux terms based on the assumption that hu0w0i and
hv0w0i are of the same order. This assumption, however was
never supported by empirical observations. In fact, the con-
tinuity equation in combination with the quasi-geostrophic
character of the transient synoptic eddies implies that the
correlation between v0 and w0 is generally much higher than
that between u0 and w0. This results in particular in much
higher correlations between hv0w0i and
∂hvi
∂z as compared to
those between hu0w0i and
∂hui
∂z . Figure 1 plots ﬂuxes aris-
ing from zonal, meridional and vertical shear in the large
scale wind ﬁeld, which enter the right hand side of Eq. (1),
calculated from band-pass ﬁltered ERA-40 data (Petoukhov
et al., 2008). This ﬁgure shows that zonal and meridional
ﬂux terms tend to have an opposite sign reducing their com-
bined magnitude, most notably in the North Atlantic region.
Further, it shows that the vertical ﬂux terms are in fact of
the same order as the horizontal ones. We thus emphasize,
based upon theoretical and observational considerations, that
the vertical ﬂux terms should not be neglected. Motivated
by Williams and Davis (1965), we describe their sum as (see
Eq. A7):
−hu0w0i
∂hui
∂z
−hv0w0i
∂hvi
∂z
=
Ksyn
"
∂hui
∂z
2
+

∂hvi
∂z
2# (3)
where Ksyn is the vertical macro-turbulent diffusion co-
efﬁcient (Williams and Davis, 1965). We assume equi-
partitioning of this vertical (baroclinic) ﬂux term between the
zonalandmeridionalkineticenergycomponents, allowingus
to split prognostic Eq. (1) into two separate ones for hu02i and
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hv02i:
∂hu02i
∂t
=−hVi·∇hu02i−2hu02i
∂hui
∂x
−2hu0v0i
∂hui
∂y
+Ksyn
"
∂hui
∂z
2
+

∂hvi
∂z
2#
+Kfh1Hhu02i+Kfz1zhu02i−Kfshu02i
+f

hu0v0
agi−hv0u0
agi

(4)
∂hv02i
∂t
=−hVi·∇hv02i−2hv02i
∂hvi
∂y
−2hu0v0i
∂hvi
∂x
+Ksyn
"
∂hui
∂z
2
+

∂hvi
∂z
2#
+Kfh1Hhv02i+Kfz1zhv02i−Kfshv02i
+f

hu0v0
agi−hv0u0
agi

(5)
Observational data indicates that cross-terms between these
two prognostic equations are generally small and only be-
come important when the eddy kinetic energy is small, i.e.
in near-equatorial regions. Here we aim at parameterizations
which hold in the mid-latitudes, where the cross-terms can
be neglected. In doing so we follow earlier work by Eady
(1949) and Kurihara (1970). The same considerations imply
that the vertical ﬂuxes in Eq. (2) should be approximately
equal (hu0w0i
∂hvi
∂z ≈hv0w0i
∂hui
∂z ), and hence the ﬂux mainte-
nance equation can be reduced to:
∂hu0v0i
∂t
=−hVi·∇hu0v0i−hu02i
∂hvi
∂x
−hu0v0i

∂hui
∂x
+
∂hvi
∂y

−hv02i
∂hui
∂y
−2hv0w0i
∂hui
∂z
++Kfh1Hhu0v0i
+Kfz1zhu0v0i−Kfshu0v0i
+f

hv0v0
agi−hu0u0
agi

(6)
We can express hv0w0i in terms of hv02i using the continu-
ity equation and assuming a quasi-geostrophic character of
synoptic-scale motion:
hv0w0i=
cosϕ
asinϕ
γ(1+ζ,z/H0)zez/H0−α(z−zst)hv02i (7)
with zst as the “steering” level (Chan and Gray, 1982)
for synoptic scale eddies, H0 the air density scale height
and γ(1+ζ,z/H0) the lower incomplete gamma-function
(Abramowitz and Stegun, 1964).
To close the set of Eqs. (4)–(7), we derive suitable param-
eterizations for the vertical macro-turbulent diffusion coef-
ﬁcient (Ksyn) and ageostrophic terms (hu0v0
agi−hv0u0
agi and
hv0v0
agi−hu0u0
agi), resulting in 4 Eqs. (4)–(7) and 4 unknowns
(hu02i, hv02i, hu0v0i and hv0w0i). We assume internal friction
coefﬁcients (Kfh, Kfz) to be constant. Appendix A describes
in detail the derivation of parameterizations for ageostrophic
terms (Eqs. A45–A34) and Ksyn (Eq. A11).
3 Results
3.1 Present-day climate
Equations (4)–(7), and all parameterizations needed (Ap-
pendix A), were implemented in the SDAM Aeolus and
numerically solved on a regular 3.75◦×3.75◦-grid consist-
ing of 5 pressure levels (850mb, 700mb, 500mb, 400mb
and 300mb), for each calendar month. Monthly averages
of large-scale long-term wind ﬁeld and surface tempera-
ture, which enters the equation for the Rossby length scale
(Eq. A12), were taken from the ERA-40 reanalysis dataset
for 1976–2002 (Uppala et al., 2006). We compared the cal-
culated numerical solutions for the synoptic scale param-
eters against empirical data, which were obtained by 2–
6 day bandpass ﬁltering of 6-hourly ERA-40 windﬁeld data
(Petoukhov et al., 2008). Two different numerical experi-
ments were performed. First, an “uncoupled” test exper-
iment, in which the synoptic scale terms appearing in the
right-hand side of Eqs. (4)–(7) were taken from empirical
data. Second, a “coupled” experiment, in which the right-
hand-side synoptic moments were calculated using Eqs. (4)–
(7) as well. Thus, in the uncoupled experiment, each of the
synoptic moments (hu02i, hv02i, hu0v0i and hv0w0i) is calcu-
lated for prescribed large-scale wind ﬁeld (hui and hvi) and
prescribed other synoptic moments. In the coupled exper-
iment only large-scale wind is prescribed and the synoptic
moments are calculated interactively. Time-integration of
Eqs. (4)–(6) is achieved by means of ﬁnite volume and ﬁnite
difference methods, whereby initially the prognostic variable
is zero everywhere. Table 2 provides values for all con-
stantsappearingintheequationsasusedinbothexperiments.
We present “coupled” solutions for synoptic scale kinetic en-
ergy and “coupled” and “uncoupled” solution for momentum
transport hu0v0i and hv0w0i. Note that the terms involving
hu0v0i in the right hand side of Eqs. (4) and (5) are an order
of magnitude smaller than other terms and hence “coupled”
and “uncoupled” solutions for hE0
ki are essentially the same.
Figure 2 compares empirical data versus Aeolus results
for the synoptic scale kinetic energy (E0
k) at three different
pressure levels for Northern-Hemisphere winters. In gen-
eral, the areas of high synoptic activity are accurately cap-
tured, both geographically as well as their vertical varia-
tion. In the Northern Hemisphere, the location of the key
storm track regions in the Atlantic and Paciﬁc oceans at
about 40◦ N are well resolved. The amplitude of the Paciﬁc
one is somewhat overestimated, whereas the amplitude is
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Table 1. Description of used variables.
Symbol Unit Dimensions Description Value
hui ms−1 λ,φ,z Zonal wind ERA-40/GCM
hvi ms−1 λ,φ,z Meridional wind ERA-40/GCM
hwi ms−1 λ,φ,z Vertical velocity ERA-40/GCM
hTsi ◦C λ,φ Surface Temperature ERA-40/GCM
hE0
ki m2 s−2 λ,φ,z Kinetic energy of synoptic transients Eq. (1)
hu02i m2 s−2 λ,φ,z Zonal kinetic energy of synoptic transients Eq. (4)
hv02i m2 s−2 λ,φ,z Meridional kinetic energy of synoptic transients Eq. (5)
hu0v0i m2 s−2 λ,φ,z Momentum ﬂux by synoptic transients Eq. (6)
hu0w0i m2 s−2 λ,φ,z correlation between u0 and w0 Eq. (3)
hv0w0i m2 s−2 λ,φ,z correlation between v0 and w0 Eq. (7)
Ksyn m2 s−2 λ,φ,z vertical synoptic eddy viscosity coefﬁcient Eq. (A11)
LRo m λ,φ synoptic eddy internal Rossby radius Eq. (A12)
Fig. 2. Band-pass ﬁltered ERA-40 data at (a) 850mb, (b) 500mb and (c) 300mb of hE0
ki (in m2 s−2) for December-January-February.
(d–f) show the results from Aeolus (Eq. 1) solutions at same pressure levels.
underestimated above southern Europe. In the model, synop-
tic activity is more conﬁned to the mid-latitudinal storm track
regions, whereas in observations it is more diffused with a
broader latitudinal extend. In the Southern Hemisphere, the
elongated storm track region between 40◦ S and 60◦ S is well
represented. Both the local minimum at the southern tip of
South America (due to the inﬂuence of the Andes) and the
area of maximum activity stretching from the region south of
Africa till the south-western tip of Australia are reasonably
resolved. At low altitude, the model overestimates hE0
ki, with
the highest values at 850mb nearly double those in the ERA-
40 data. A reason for this could be the presence of Antarctic
slope winds which could reduce synoptic activity but which
are not captured by our model. However, also the large-scale
wind ﬁeld data used as input is likely less accurate in near-
Antarctic regions. Figure 3 plots kinetic energy results for
boreal summer. The model correctly predicts much lower
storm activity in the northern Atlantic and Paciﬁc regions
compared to wintertime activity. Also the geographical and
vertical distributions of hE0
ki-model results are in reasonable
agreement with empirical data. In the Southern Hemisphere,
the zonally averaged hE0
ki results are in good agreement with
ERA-40 (Fig. 4b). However, synoptic activity in the model
is much more conﬁned to a region stretching from southern
Africa to southern Australia, whereas in the observations ac-
tivity is circum-global.
In Fig. 4, the zonally and vertically averaged meridional
distribution of hE0
ki are shown for Northern-Hemisphere
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Fig. 3. Band-pass ﬁltered ERA-40 data at (a) 850mb, (b) 500mb and (c) 300mb of hE0
ki (in m2 s−2) for June-July-August. (d–f) show the
results from Aeolus (Eq. 1) at same pressure levels.
Fig. 4. Zonally and vertically averaged kinetic energy hE0
ki (a, b), hv0w0i (c, d) and hu0v0i (e, f), all in m2 s−2, for December-January-
February (a, c, e) and June-July-August (b, d, f) averages, plotting ERA-40 (solid), “coupled” (dotted) and “uncoupled” (dashed) numerical
solutions.
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Fig. 5. Band-pass ﬁltered ERA-40 data at (a) 850mb, (b) 500mb and (c) 300mb of hu0v0i (in m2 s−2) for December-January-February.
(d–f) show results of “uncoupled” and (g–i) “coupled” experiments using Aeolus (Eq. 2) at same pressure levels.
winters (Fig. 4a) and summers (Fig. 4b). The location and
amplitude of the mid-latitude storm regions are well re-
solved, as well as the low-energetic near-equatorial regions.
Only in the near-polar region (>70◦), the model tends to un-
derpredict the synoptic scale kinetic energy. Figure 4e and
f plots zonal-mean hu0v0i in boreal winter- and summer re-
spectively, showing that both the “uncoupled” and “coupled”
numerical solutions of Eq. (6) are in good agreement with
observations. Also geographically, the ﬁt between observed
and model-generated hu0v0i is reasonable, for both “uncou-
pled” and “coupled” experiments (Figs. 5 and 6). The main
high-amplitude regions, associated with storm track regions,
are well captured geographically and also their vertical in-
crease is in agreement with empirical data. Again the model
generally produces hu0v0i patterns which have a less diffusive
character than those observed. The amplitude and merid-
ional extend of the Southern Hemisphere storm track region
are correctly resolved in both the “uncoupled” and the “cou-
pled” model. In the Northern Hemisphere, results are gener-
ally similarly good, though the “coupled” results predict too
low hu0v0i over central Europe in wintertime (Fig. 5f). In the
“uncoupled” experiment, over some regions at high altitude,
a sign inversion is observed: i.e. south-east of Australia in
JJA (Fig. 6b) and Central Asia in DJF (Fig. 5b). This is not
observed in the “coupled” experiment. Shown in Fig. 4e and
f, the zonally and vertically averaged solutions of hu0v0i are
in good agreement with those from observations.
Finally, Figs. 7 and 8 compare “coupled” and “uncou-
pled” model results of hv0w0i with bandpass ﬁltered results,
respectively for Northern Hemisphere winter- and summer-
time. For both periods, the model accurately captures lo-
cation, magnitude and vertical variation of hv0w0i. “Cou-
pled” results show a narrower band of activity in the North-
ern Hemisphere compared to observations, which is a direct
consequence of the same model behavior of hE0
ki (Fig. 2). In
the “uncoupled” experiments this effect is less pronounced.
Nevertheless, zonal averages (Fig. 4c and d), geographical
spreading and seasonality of hv0w0i are in good agreement
with ERA-40 data for both “coupled” and “uncoupled” ex-
periments.
3.2 Other climates
In the previous section, we showed that the presented
statistical-dynamical equations for kinetic energy and mo-
mentum ﬂux perform well under present-day climate con-
ditions. In addition, we tested their behavior in warmer and
colder climates and compared results against state-of-the-art
atmospheric general circulation models (GCMs).
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Fig. 6. Band-pass ﬁltered ERA-40 data at (a) 850mb, (b) 500mb and (c) 300mb of hu0v0i (in m2 s−2) for June-July-August. (d–f) show
results of “uncoupled” and (g–i) “coupled” experiments using Aeolus (Eq. 2) at same pressure levels.
As a case-study for warmer climate, we used the IPCC
(Intergovernmental Panel on Climate Change) 2×CO2 equi-
librium experiment (IPCC-4AR, 2007), which represents
a nearly 4 ◦C warmer world (yearly-averaged global mean
near-surface air temperature) in the GCM reference sim-
ulations used here. On the one hand, we bandpass ﬁl-
tered daily windﬁeld data from the GFDL-CM2.0 (Delworth
et al., 2006) and ECHAM5/MPI-OM (Roeckner et al., 2003),
2×CO2 equilibrium experiments as well as their 1×CO2
control runs (all available at http://www-pcmdi.llnl.gov) to
extract their synoptic scale kinetic energy. On the other hand,
we used the large-scale, long-term wind ﬁeld (monthly aver-
ages) from the GCM simulations to force Aeolus, just as we
used ERA-40 large-scale windﬁeld for the present-day cli-
mate experiment. Figure 9a–f shows the results of this ex-
periment, plotting the synoptic scale kinetic energy anomaly,
i.e. the energy in the 2×CO2 climate minus the 1×CO2 cli-
mate.
Generally storm activity shifts polewards with an abate-
ment around 40◦ and an intensiﬁcation around 60◦ in both
hemispheres. (Fig. 9c and f). This poleward shift has been
discussed in detail by Yin (2005) and is more pronounced in
the GFDL simulation than in the ECHAM5 one. Geographi-
cally, the two GCMs can differ substantially from each other
over extended regions, most notably in the Northern Hemi-
sphere. The zonally averaged solution of Aeolus ﬁts reason-
ably well with the GCM solutions (Fig. 9c and f). The loca-
tions of abatement (near 40◦) and intensiﬁcation (near 60◦)
are predicted correctly. The sensitivity, i.e. the magnitude of
abatement or intensiﬁcation in the 2×CO2 climate, of Aeo-
lus seems slightly higher than GFDLs and slightly lower than
ECHAM5’s sensitivity. These small differences might be
caused by differences in the description of the static stability
parameter in the three atmosphere models (see Eq. A13). Ge-
ographically we capture the most prominent features, though
some differences exist. The Southern Hemisphere, where
zonal variation is limited, is rather well resolved. In the
Northern Hemisphere, which has much more zonal variation
and the GCMs differ themselves substantially, the most im-
portant features are captured. For example, the ECHAM5
simulation shows strong intensiﬁcation in three mayor re-
gions (above the UK, Canada and the northern Paciﬁc) which
are all present in our results. A notable difference occurs in
the eastern Mediterranean region where the anomaly from
Aeolus forced with GFDL larg-scale wind has an opposite
sign compared to the GFDL anomaly. Note here however,
that also ECHAM5 predicts an opposite anomaly in this re-
gion as compared to GFDL. We performed an analogous
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Fig. 7. Band-pass ﬁltered ERA-40 data at (a) 850mb, (b) 500mb and (c) 300mb of hv0w0i (in m2 s−2) for December-January-February.
(d–f) show results of “uncoupled” and (g–i) “coupled” experiments using Aeolus (Eq. 7) at same pressure levels.
Table 2. Description of used constants.
Symbol Unit Description Value
a m Earth’s radius 6.4×106
 rads−1 Earths angular velocity 7.3×10−5
f0 s−1 Coriolis parameter at mid-latitude 1.0×10−4
g ms−2 Gravitational acceleration 9.8
R Jkg−1 K−1 Speciﬁc gas constant 2.87×102
H0 m Characteristic air density scale height 1.0×104
1z1 m Vertical grid resolution 1.0×103
zst m “Steering altitude” for synoptic scale transients 5×103
Kmeso m2 s−1 Vertical mesoscale synoptic eddy diffusion coefﬁcient 7
˜ KPBL m2s−1 Characteristic vertical eddy diffusion coefﬁcient in the PBL 1.0
˜ CD – Characteristic drag coefﬁcient 5.0×10−3
KH m2 s−1 Horizontal small/mesoscale friction coefﬁcient 5.0×106
K2,z m2 s−1 Vertical free-atmosphere small-scale friction coefﬁcient 5.0
τE,min s Minimum Ekman damping time-scale (above Tibetan plateau) 1×104
m – Capturing increase in static stability in high troposphere 0.66
U0 ms−1 Reference velocity for static stability 5.0
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Fig. 8. Band-pass ﬁltered ERA-40 data at (a) 850mb, (b) 500mb and (c) 300mb of hv0w0i (in m2 s−2) for June-July-August. (d–f) show
results of “uncoupled” and (g–i) “coupled” experiments using Aeolus (Eq. 7) at same pressure levels.
experiment for a last glacial maximum (LGM) climate, for
which we used HadCM3M2 (Pope et al., 2000), LGM and
Pre-Industrial simulations from the Paleoclimate Model In-
tercomparison Project (PMIP2) database (Braconnot et al.,
2007). The results of this experiment (Fig. 9g–i) show that
storm activity is reduced substantially in an LGM climate as
compared to pre-industrial, which is in agreement with pre-
vious studies (Laine et al., 2009). Aeolus rather accurately
reproduces the zonally averaged HadCM3M2 results though
the small intensiﬁcation (∼2m2 s−2) at ∼40◦ S and ∼40◦ N
are not resolved. We associate the observed differences in the
Northern Hemisphere to dynamics associated with the thick
icesheets not captured in out model. Geographically Aeolus
managesto capture themostimportant features, thoughsome
differences are observed too, resulting in a fair comparison.
Finally, we compared the seasonal cycle produced by Ae-
olus for the three climates, i.e. 1×CO2, 2×CO2 and LGM,
with those from GCMs and ERA-40. Here, we deﬁne the
synoptic scale kinetic energy anomaly as the energy in win-
ter time (December-January-February averaged) minus the
energy in summer time (June-July-August averaged). Fig-
ure 9j, k and l plots this kinetic energy anomaly in zonally
averaged format for 1×CO2, 2×CO2 and LGM, respectively.
These show that the seasonality produced by Aeolus is com-
parable to that of the GCMs and ERA-40.
3.3 Sensitivity experiments
We performed sensitivity experiments to determine the ef-
fect of changes in the value of parameters on the synoptic
scale kinetic energy. The last 8 parameters listed in Table 2
affect kinetic energy. The characteristic drag coefﬁcient ˜ CD
has the equivalent, though opposing, effect as the character-
istic eddy diffusion coefﬁcient in the PBL, ˜ KPBL, as can be
seen from the equation of the cross-isobar angle (A31). Also,
friction coefﬁcients KH and K2,z together capture the magni-
tude of internal small-scale friction in the atmosphere. This
thus reduces the total number of free parameters to 6. The
sensitivity of the eddy kinetic energy hE0
ki to each of these
parameters is shown in Fig. 10. This ﬁgure plots the change
in hE0
ki when the value of a parameter is changed from minus
10% to plus 10% of the value given in Table 2, thus covering
a total parameter range of 20%.
hE0
ki is most sensitive to changes in static stability param-
eters m and U0. If m, which captures the larger static sta-
bility high-up in the troposphere, increases, so will the static
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Fig. 9. hE0
ki-anomaly (m2 s−2) of 2×CO2 (plots a–f) and LGM (plots g–i) climate with respect to their control runs (1×CO2). (a) GFDL
band pass ﬁltered, (b) Aeolus forced with GFDL large-scale long-term wind ﬁeld, (d) ECHAM5 band pass ﬁltered, (e) Aeolus forced with
ECHAM5 large-scale long-term wind ﬁeld, (g) HadCM3 band pass ﬁltered, (h) Aeolus forced with HadCM3 large-scale long-term wind
ﬁeld. Plots (c), (f) and (i) give the zonal averages of plots (a, b) and (d, e) and (g, h), respectively with GCM (solid) and Aeolus (dashed).
Plots (j–l): seasonal hE0
ki-anomaly (DJF-JJA) for (j) 1×CO2, (k) 2×CO2 and (l) LGM climate. In (j) and (k): GFDL (solid), ECHAM5
(dashed), Aeolus (dotted), in addition in (j) ERA-40 (dashed-dotted). In (l) HadCM3 (solid) and Aeolus (dashed).
stability, and hence hE0
ki will decrease as seen in Fig. 10. A
20% increase in m reduces hE0
ki by about 30m2 s−2, or by
roughly 50% of its value. Vice versa, when U0 increases,
static stability will decrease and thus hE0
ki will increase.
Gates (1961) argues that static stability increases by roughly
a factor 4 between sea-level and the tropopause. In our pa-
rameterizations this is captured by m=0.66.
hE0
ki is much less sensitive to the choice of other param-
eters. Surface friction, via τE,min, has a stronger effect than
internal meso-scale friction, via KH and Kz,2. An increase
in the last tends to broaden the storm tracks with a decrease
in hE0
ki in their centers and an increase at their periphery.
The surface friction parameter τE,min has a near-linear effect
on hE0
ki with a change in τE,min causing a similar magnitude
change in hE0
ki. Finally, the vertical eddy diffusion coefﬁ-
cient in the PBL, KPBL, and the meso-scale eddy diffusion
coefﬁcients have a limited effect on hE0
ki.
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Fig. 10. Sensitivity of hE0
ki (at 500mb, December-January-February averaged) to parameters (a) τE,min, (b) KH and K2,z, (c) ˜ KPBL , (d) m,
(e) U0 and (f) Kmeso. Plotted is the change in hE0
ki when the value of the parameter is changed from minus 10% to plus 10% the value given
in Table 2, thus covering a range of 20%.
4 Discussion
We presented and tested a set of statistical-dynamical equa-
tions which can accurately reproduce the geographical and
vertical distribution of storm tracks, including their season-
ality. We close the set of equations by ﬁnding physically-
realistic parameterizations for the vertical macro-turbulent
diffusion coefﬁcient (Ksyn) and the ageostrophic terms.
These parameterizations are used for solving all synoptic
quantities (hu02i, hv02i, hu0v0i and hv0w0i) and do not require
anyindividualtuningtoobtainproperresults. Also, thosepa-
rameterizations, as well as all constants (Table 2), are valid
globally without any local adjustments. This way we ob-
tain proper results for the four synoptic scale quantities for
present-day, 2×CO2 and LGM climates.
Nevertheless, direct comparisons of the parameterized in-
termediate terms (i.e. Ksyn, hu0w0i, hv0v0
agi−hu0u0
agi) ver-
sus observations or independent estimates would further val-
idate this model. This is complicated as these quantities
cannot straight-forwardly be calculated from meteorological
datasets like ERA-40. To our knowledge, only few stud-
ies have published reliable estimates of them so far, notably
Tucker (1960) for Ksyn, Lau et al. (1978) for hv0v0
agi−hu0u0
agi
and Stone and Yao (1987) for hu0w0i. Tucker (1960) and
Stone and Yao (1987), unfortunately, used unﬁltered data
for their estimates hence including the effect of standing
eddies as well. A comparison therefore only makes sense
for the mid-latitudes as here kinetic energy of transient ed-
dies dominates over that of standing eddies. Here Tucker
(1960) estimates the zonal average of Ksyn to be roughly
70m2 s−1 at 400mbar (see Table 6 of Tucker (1960)) which
is in fair agreement with our estimate of ∼80m2 s−1. Sim-
ilarly, the values and vertical increase of zonally averaged
hu0w0i given by Stone and Yao (1987) (their Fig. 4) are in
good agreement with ours outside the near-tropical region.
Lau et al. (1978) published estimates of (bandpass ﬁltered)
f(hv0v0
agi−hu0u0
agi) in the Northern Hemisphere, including
its geographic variation (Fig. 4 of Lau et al., 1978). This ﬁg-
ure is in quantitative agreement with our estimates: Above
the two ocean basins negative anomalies form at high latitude
(east of Newfoundland and east of the Kamchatka Peninsula)
and positive anomalies at lower latitudes (east of Florida and
east of China). Also the magnitude of these anomalies is
in good agreement, with f(hv0v0
agi−hu0u0
agi) ranging from
−4×10−3 m2 s−2 to 4×10−3 m2 s−2. The presented inter-
mediate parameterizations are thus in qualitative (for Ksyn
and hu0w0i) and quantitative (for ageostrophicity) agreement
with previously published data.
Early studies (e.g. Stone and Yao, 1987) based parame-
terizations upon the idea that the linear stage of baroclinic
instability of the quasi-zonal wind is the dominant one shap-
ing the structure of the energy-loading synoptic eddy ensem-
ble characteristics. Here we argue that by accounting for the
nonlinear baroclinic and barotropic forcings during the ma-
turestageofsynopticeddies, onecansatisfactorilyreproduce
thebasicfeaturesofthegeographicalandverticalstructureof
the synoptic eddy-ensemble kinetic energy and momentum
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ﬂux. This is in line with observational data and the modeling
results of the individual baroclinic wave life cycle (Hoskins,
1983). Hence, we argue that in the equations for hu02i, hv02i
and hu0v0i, the vertical terms, hu0w0i and hv0w0i, cannot be
neglected (Fig. 1). Linear stochastic models (Farrell and
Ioannou, 1996a,b) implicitly assume a strong upward trans-
port of synoptic eddy activity in order for their mechanism
of equilibration of the mean ﬂow to be efﬁcient. This agrees
with our ﬁndings. The key difference is that our parameteri-
zations explicitly describe both the vertical transport of syn-
optic activity and the nonlinearity of the processes driving
synoptic activity, without prescribing the magnitude of these
terms. In addition, we take into account the ageostrophic
terms appearing in the equations, whose importance was ﬁrst
claimed in the classical papers by Lau et al. (1978) and Lau
(1979). Orlanski and Chang (1993) and Chang and Orlanski
(1993) emphasized the crucial role the ageostrophic compo-
nent plays in the evolution of the individual baroclinic waves
and eddies. In our study, we found that these terms are also
important to correctly describe the ensemble-averaged hu02i,
hv02i and hu0v0i. Finally, we do not use any a priory assump-
tion on the stability of the basic ﬂow, making our formulas
rather general and therefore in principle applicable to a broad
range of basic ﬂow proﬁles.
With calculation times a fraction of those of GCMs, Aeo-
lus can, when fully developed, be used to study Earths cli-
mate over multi-millennia and longer timescales. The com-
putational expense of GCMs has hampered such studies so
far. On the other hand, existing EMICs, though computation-
ally efﬁcient, lack accurate 3-D parameterizations for syn-
optic scale kinetic energy and momentum and thus cannot
produce the climatic effect of storm tracks. This work thus
prepares ground for the development of computationally ef-
ﬁcient EMICs which can accurately resolve the climatic ef-
fects of changes in atmospheric dynamics, including its syn-
optic component. We acknowledge that we tested our param-
eterizations only for a moderate climatic range here, which
does not guarantee proper solutions outside this range. How-
ever, it is exactly this climatic range for which we want to use
Aeolus, aspartofanewEMIC,toaddressscientiﬁcquestions
with respect to future climate stability and the origin of the
glacial cycles (Ganopolski and Roche, 2009). Furthermore,
useful applications will include ensemble simulations to re-
duce uncertainty in climate sensitivity (Schneider von Deim-
ling et al., 2006) and other governing parameters of climate
models (Eliseev, 2008). Based on this approach similar pa-
rameterizations for the synoptic scale heat- and moisture-ﬂux
can be developed.
5 Conclusions
We derived a closed set of 3-D statistical-dynamical equa-
tions describing the kinetic energy and momentum ﬂux of
synoptic scale eddies in the Earth’s atmosphere by ﬁnd-
ing parameterizations for the vertical macro-turbulent dif-
fusion coefﬁcient and ageostrophic terms. We show that
these statistical-dynamical equations fairly accurately repro-
duce the geographical distribution of storm tracks, includ-
ing their variation with height and season. This works both
for present-day climate as well as moderately colder (LGM)
and warmer (2×CO2) ones. Coupled to ocean and land-
surface models, such atmospheric modules are likely to be
efﬁcient tools for studying the Earths climate over millen-
nia and longer timescales. Such long-term, ensemble simu-
lations are required to address key questions with respect to
future climate stability, on the one hand, and the origin of the
glacial cycles, on the other.
Appendix A
Derivation of statistical-dynamical pde’s
A1 The statistical-dynamical approach
A key assumption of our statistical-dynamical (SD) approach
to climate modeling is that any original large-scale atmo-
spheric variable Yi can be written as a sum of a large-scale
long-term(quasi-stationary)component(hYii)andasynoptic
component (Y0
i) (Petoukhov et al., 1998, 2003):
Yi =hYii+Y0
i, (A1)
Here hYii has a characteristic time scale (or period)
˜ τ ≥ ˜ τ0
hYi ≈ 15 days, spatial scale (or wavelengths) ˜ L
≥ ˜ L0
hYi ≈1500km and phase speed ˜ C < ˜ C0
hYi ≈3ms−1
(Fraedrich and B¨ ottger, 1978; Pedlosky, 1979). The dom-
inant contribution to the perturbation term Y0
i is assumed
to come from transient synoptic eddies (cyclones and an-
ticyclones) with characteristic scales: ˜ τ ≤ ˜ τ0
Y0 ≈ 6 days,
˜ L ≤ ˜ L0
Y0 ≈800km, and ˜ C ≥ ˜ C0
Y0 ≈10ms−1 (Eady, 1949;
Fraedrich and B¨ ottger, 1978; Pedlosky, 1979). Crucially im-
portant here is the clear separation between large-scale long-
term and synoptic ﬁelds in 3-dimensional (˜ τ- ˜ L- ˜ C) atmo-
spheric power spectra justifying our approach (see e.g. the
power spectra plots given by Fraedrich and B¨ ottger (1978)
with phase velocity as the third axis). Notably, in two-
dimensional power spectra, without a phase velocity axis,
the mentioned separation is not clearly marked (Fraedrich
and B¨ ottger, 1978). Even more, in one-dimensional power
spectra, versus period or frequency only, the fast synoptic-
scale and large-scale long-term components are practically
non-separated (Van der Hoven, 1957; Oort and Taylor, 1969;
Vinnichenko, 1970; Mitchell, 1976). Only in 3-D phase
space becomes the separation apparent. The averaging op-
erator h...i therefore denotes a temporal, spatial and phase-
speed averaging over the 3-dimensional window bounded by
˜ τ0
Y0 and ˜ τ0
hYi in time, ˜ L0
Y0 and ˜ L0
hYi in space, and ( ˜ C0
Y0)−1
and ( ˜ C0
hYi)−1 in phase-speed. The following approximate
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equalities are direct consequences of the separation between
hYii and Y0
i in the ˜ τ- ˜ L- ˜ C-phase space (Petoukhov, 1991;
Petoukhov et al., 1998, 2003):
hY0
ii≈0, h F(hY1i,hY2i,...) Y0
i i ≈ 0,
h
∂Y0
i
∂t i ≈
∂hY0
ii
∂t ≈ h∇Y0
ii ≈∇hY0
ii ≈ h1Y0
ii ≈1hY0
ii ≈0,
h
∂hYii
∂t i ≈
∂hYii
∂t ,h∇hYiii ≈∇hYii, h1hYiii ≈1hYii,
hF(hY1i,hY2i,...) ℵ(Y0
1,Y0
2,...)i ≈
hF(hY1i,hY2i,...)i hℵ(Y0
1,Y0
2,...)i
h
P
i
Fi(hY1i,hY2i,...,Y0
1,Y0
2,...)i ≈
P
i
hFi(hY1i,hY2i,...,Y0
1,Y0
2,...)i
(A2)
for any i , where ∇ and 1 are respectively the 3-D gradient
and Laplacian operator, and F, ℵ and Fi represent any type
of algebraic functions or differential operators. Further, in
the stratosphere, all synoptic moments hY0
iY0
ji are assumed
to obey the Charney-Drazin formula (Charney and Drazin,
1961), describing exponential decay upwards in the strato-
sphere (Petoukhov et al., 2003).
A2 Synoptic scale kinetic energy
To derive an equation for the synoptic scale kinetic energy,
hE0
ki, we start from the original equation for atmospheric
wind in the hydrostatic approximation (Lorenz, 1967)
dV H
dt
=−f k×V H−
1
ρ
∇Hp+Fh (A3)
Here, V H = {u,v} is the horizontal velocity vector, f =
2sinϕ is the Coriolis parameter, with  the Earth’s angular
velocity and ϕ latitude, k is the upward pointing unit-vector,
ρ is air density, p is pressure, ∇H is the horizontal gradi-
ent operator and Fh is the friction force per unit mass acting
on V H. In the zero-order inelastic approximation, ρ can be
replaced by ρ0 =ρ0(0)exp(−z/H0) with constant reference
density ρ0(0) and air density scale height H0. First, we in-
sert V H =hV Hi+V 0
H into Eq. (A3). Next, we take the scalar
product with V 0
H, apply the averaging operator h...i to both
sides of Eq. (A3) and neglect all higher order terms given by
Eq. (A2), giving:
hV H
0·
dhV Hi
dt
i+hV 0
H·
dV 0
H
dt
i=−fhV 0
H· (k×V 0
H)i
−
1
hρ0i
hV 0
H·∇Hp0i+hV 0
H·F0
hi
(A4)
A2.1 Deducing the left hand side of Eq. (A4)
Expanding the total derivatives in the left hand side of
Eq. (A4) into their partial derivatives and using A2, we can
rewrite it as follows:
hV H
0·
dhV Hi
dt
i+hV 0
H·
dV 0
H
dt
i=
∂hE0
ki
∂t
+hVi·∇hE0
ki+hV 0·∇E0
ki+hu0V 0i·∇hui
+hv0V 0i·∇hvi+
tanϕ
a
(hui hu0v0i−hu02i hvi)
(A5)
Here, hE0
ki= 1
2(hu02i+hv02i) is the synoptic scale kinetic en-
ergy, with u0 and v0 the zonal and meridional components of
V 0
H. The last term in Eq. (A5) appears due to differentiat-
ing in spherical coordinates, referred to as the “metric” term.
Thesecondandthirdtermsontherighthandsidedescribere-
spectively the advection of synoptic scale kinetic energy by
large-scale long-term motions and by ensembles of the syn-
optic eddies themselves (self-advection). Finally, the fourth
and ﬁfth term can be expanded as:
hu0V 0i·∇hui+hv0V 0i·∇hvi = hu02i
∂hui
acosϕ∂λ
+hv02i
∂hvi
a∂ϕ
+hu0v0i(
∂hui
a∂ϕ
+
∂hvi
acosϕ∂λ
)
+hu0w0i
∂hui
∂z
+hv0w0i
∂hvi
∂z
(A6)
The ﬁrst three terms on the right-hand side of Eq. (A6) rep-
resent exchange of kinetic energy between eddies and the
“basic” ﬂow due to its horizontal shear, in particular feed-
ing the eddy kinetic energy at the expense of that of the “ba-
sic” ﬂow in case of barotropic instability of the “basic” ﬂow
(Pedlosky, 1979). The last two terms on the right-hand side
of Eq. (A6) capture the exchange of energy between eddies
and the “basic” ﬂow owing to its vertical shear and there-
fore, due to a quasi-geostrophic character of the “basic” ﬂow
in the middle and high latitudes, owing to horizontal gra-
dients of the large-scale long-term temperature ﬁeld. The
terms hu0w0i and hv0w0i together describe the direct transfer
of kinetic energy from the “basic” ﬂow to the ensembles of
synoptic eddies (Stone, 1972a,b). This process is referred to
as “synoptic-eddy friction” by Williams and Davis (1965),
who express hu0w0i and hv0w0i in terms of
∂hui
∂z and
∂hvi
∂z , re-
spectively. Thus, the last two terms in the righthand side of
Eq. (A6) capture the combined effect of “synoptic-eddy fric-
tion” and “basic” ﬂow baroclinic instability, if the last oc-
curs. In the general case, regardless of whether the “basic”
ﬂow is baroclinically stable or instable, these terms describe
the exchange of energy between the “basic” ﬂow and syn-
optic eddies, due to vertical shears of the former. Based on
ideas of Williams and Davis (1965) and Petoukhov (1991),
we derive a new expression for the vertical terms by param-
eterizing their sum:
hu0w0i
∂hui
∂z
+hv0w0i
∂hvi
∂z
=
−Ksyn
"
∂u
∂z
2
+

∂v
∂z
2# (A7)
with Ksyn the vertical macro-turbulent diffusion coefﬁcient
(Petoukhov, 1991; Petoukhov et al., 2003).
A2.2 Ksyn parameterization
In line with “vertical mixing” of angular momentum due
to synoptic scale eddies, introduced by Williams and Davis
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(1965), Petoukhov (1991) derived a Prandtl-type description
of Ksyn in terms of the Austausch coefﬁcient. More speciﬁ-
cally, Ksyn is treated as the product of the characteristic syn-
optic vertical velocity ( ˜ W) and vertical scale ( ˜ H):
Ksyn = ˜ H ˜ W +Kmeso (A8)
Here Kmeso represents Ksyn from the background vertical
mixing due to mesoscale eddies only and is taken constant
here. With the use of the continuity equation, div(ρ0V 0)=0,
we can estimate ˜ W as:
˜ W ≈
H0 ˜ U0
˜ L
ϕ
Ro
FK(z) (A9)
where ˜ U0 is the absolute value of the characteristic horizon-
tal velocity in the synoptic transients, which is roughly pro-
portional to hui: ˜ U0 =
√
u02+v02 ≈
√
2|hui|. This assump-
tion is supported by observational data of the distribution
of the characteristic magnitudes for winds for the “basic”
ﬂow and synoptic eddy ensembles (Oort and Rasmusson,
1971; Oort, 1983). Further, ˜ L
ϕ
Ro represents the characteristic
meridionalspatialscaleofsynopticeddydisplacementwhich
we set to the internal Rossby radius of deformation in the
meridional direction. Accounting for the latitudinal depen-
dence of longitudinal-latitudinal asymmetry of synoptic ed-
dies, we deﬁne: ˜ L
ϕ
Ro ∝
√
2
sinϕ0
|sinϕ|
˜ Lλ
Ro, motivated by Hoskins
et al. (1983) with ϕ0 corresponding to 45◦ latitude. FK(z)
captures the vertical change in ˜ W and will be derived later.
First we parameterize the characteristic synoptic-eddy verti-
cal scale ˜ H, which we express in terms of the density scale
height H0 and the meridional Rossby number, or:
˜ H =H0
˜ U0
f0 ˜ L
ϕ
Ro
(A10)
Inserting these parameterizations for ˜ W and ˜ H into Eq. (A8),
we obtain:
Ksyn =
1
f0
 
H0U0
˜ L
ϕ
Ro
!2
FK(z)+Kmeso =
1
f0

 H0|hui|
˜ Lλ
Ro
sinϕ0
|sinϕ|


2
FK(z)+Kmeso
(A11)
The Rossby radius of deformation in the zonal direction
( ˜ Lλ
Ro) can be written in terms of surface temperature (hTsi),
the speciﬁc gas constant (R) and the Coriolis parameter (f):
˜ Lλ
Ro =
1
2
√
RhTsi
|f|
h˜ αi (A12)
with the static stability parameter h˜ αi:
h˜ αi=
 
˜ U0
˜ U0
!m
R
g
[0a(1−hVcli)+h0waihVcli−h0i]
1/2
(A13)
with the non-dimensionalizing constant ˜ U0 =5ms−1 and g
the acceleration due to gravity. h0i is the mid-troposheric
lapse rate and 0a and h0wai are, respectively, the dry adia-
batic and mid-troposphere moist adiabatic lapse rate. Fur-
ther, hVcli is the relative volume occupied by the middle-
layer stratus and penetrative-convection cumulus clouds
(“moist-convection towers”) within the troposphere. The in-
ﬂuence of the atmospheric moisture on the stability of the
atmosphere is thus accounted for. Furthermore, the factor
( ˜ U0/ ˜ U0)m, with m≈2/3, allows for the effect of the increase
in the static stability parameter in the upper troposphere as
compared to the middle troposphere (Gates, 1961). The dif-
ference between our parametrization of h˜ αi with those of e.g.
Dymnikov (1978), Emanuel et al. (1987) and Lapeyre and
Held (2004), is that ours is relevant for climate time scales
while theirs are more relevant for fast weather processes.
Using Eq. (A12), we can rewrite the denominator in
Eq. (A11) as follows:
˜ Lλ
Ro
sinϕ0
|sinϕ|
=h˜ αi
1
2
√
RhTsi
f0
f0
|f|
sinϕ0
|sinϕ|
=
h˜ αi
1
2
√
RhTsi
f0
/F0(ϕ)
(A14)
with the function F0(ϕ)=
|f|
f0
|sinϕ|
sinϕ0 capturing both the effect
of the latitudinal change in the Coriolis parameter and the
synoptic eddies assymetry. We apply a coarse-resolution rep-
resentation for F0(ϕ) based on the observational facts that
synoptic eddies (1) possess a ﬁnite size in their mature stage,
(2) seldom cross the equatorial plane and (3) seldom run
over-the-pole (Palmen and Newton, 1969; Pedlosky, 1979).
We treat F0(ϕ) separately in three latitudinal ranges: the
near-equatorial belt (F0 →0), the mid-latitudes and the near-
polar regions (F0 → 2). Based on observational facts (1)
and (2), we set the width of the near-equatorial belt to the
size of the eddies in this region, i.e.: ϕe = ˜ L
ϕ
Ro(ϕe)/a, where
the horizontal bar indicates a zonal average. This is equiva-
lent to the equatorial β-plane approximation for the synoptic
eddy internal Rossby deformation radius. The value of F0
within the near-equatorial belt is set to F0(ϕe). Analogously,
motivated by observational fact (3), we prescribe the width
of the near-polar region to the size of the eddies there, i.e.
ϕp = ˜ L
ϕ
Ro(ϕp)/a and F0 gets the value F0(ϕp) in the region
from ϕp to the pole. In the mid-latitudes, i.e. from ϕe to ϕp,
we use a method which can be seen as a composite of a f0-
plane and a β-plane approximation. We deﬁne an additional
latitude ϕmax to be the latitude of maximum synoptic activity,
with F0 =F0(ϕmax). F0(ϕ) in the mid-latitudinal belt from
ϕe to ϕmax is now deﬁned as:
F0(ϕ)=F0(ϕe)+
(F0(ϕmax)−F0(ϕe))
2 
1+sin

π(abs(ϕ)−abs(ϕe))
abs(ϕmax)−abs(ϕe)
−
π
2
 (A15)
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and similarly from ϕmax to ϕp as:
F0(ϕ)=F0(ϕmax)+
(F0(ϕp)−F0(ϕmax))
2 
1+sin

π(abs(ϕ)−abs(ϕmax))
abs(ϕp)−abs(ϕmax)
−
π
2
 (A16)
Our parametrization of F0 thus provides a continuous global
representation for the Coriolis force and also its ﬁrst deriva-
tive with respect to ϕ is continuous. Note that in principle
the values of ϕmax, as well as ϕe and ϕp, which depend on
˜ L
ϕ
Ro, can be different for the Northern and Southern Hemi-
spheres. In this study, for simplicity, we use the same values
for Northern and Southern Hemisphere and assign them con-
stant values (ϕe =20◦, ϕp =70◦ and ϕmax =55◦). However,
we note that in a fully-ﬂedged EMIC they can directly be
calculated from values at the previous time step.
The function FK(z) in Eq. (A11) captures the vertical
structure of ˜ W. The latter can be estimated from the con-
tinuity equation for the synoptic component in the quasi-
geostrophic approximation, which results to in the following
zero-order approximation for ˜ W (Petoukhov, 1991):
˜ W(z)≈
1
˜ L
ϕ
Ro
Z z
0
ρ0(z0)v0(z0)dz0 (A17)
Based on observational data, the vertical proﬁle of the
barotropic and the 1st baroclinic modes of v0(z) at the ef-
fective nonlinear (mature) stage of the synoptic eddy life cy-
cle can be parameterized in the form v0(z)=v0(zst)(z/zst)ζ
(Fukuoka, 1951; Holmstr¨ om, 1963), where zst is the height
of the steering level for the synoptic eddies (Chan and Gray,
1982; Branstator, 1995) and ζ ≈0.5 (Fukuoka, 1951; Holm-
str¨ om, 1963; Oort and Rasmusson, 1971; Oort, 1983). The
solution to Eq. (A17) is given by
˜ W(z)≈exp(z/H0)
v0(z)(zst/z)ζ
˜ L
ϕ
Ro
Iζ(z) (A18)
with the integral Iζ(z):
Iζ(z)=

1
zst
ζ
H
1+ζ
0 γ(1+ζ,z/H0) (A19)
where γ(1+ζ,z/H0) denotes the lower incomplete gamma-
function (Abramowitz and Stegun, 1964), such that ˜ W(z)
yields
˜ W(z)≈v0(z)exp{z/H0}
z
˜ L
ϕ
Ro
γ 0(1+ζ,z/H0) (A20)
with the function γ 0(ζ,z/H0) obeying (Abramowitz and Ste-
gun, 1964):
γ 0(1+ζ,z/H0)=
∞ X
n=0
(−1)n(z/H0)n
n!(1+ζ +n)
(A21)
We take zst corresponding to the 500mb level in our cal-
culations. and assume that, within a ﬁrst approximation, 
v0(z)

≈ ˜ U0, which yields
˜ W ≈
˜ U0H0
˜ L
ϕ
Ro
exp{z/H0}
z
H0
∞ X
n=0
(−1)n(z/H0)n
n!(1+ζ +n)
(A22)
Comparing this equation with Eq. (A9) we ﬁnd:
FK(z)≈exp{z/H0}
z
H0
∞ X
n=0
(−1)n(z/H0)n
n!(1+ζ +n)
(A23)
Using the ﬁrst six members in the sum in the righthand side
and assuming that Eq. (A23) is representative for all latitudi-
nal belts in both hemispheres, we obtain:
FK(z)≈exp{C
(1)
K z−C
(2)
K } (A24)
with C
(1)
K ≈3·10−4 m−1 and C
(2)
K ≈3.
In order to derive our equation for hv0w0i (Eq. 7), we start
as well from the continuity equation for the synoptic com-
ponent in the geostrophic approximation, giving the corre-
sponding formula for w0
g(z). We multiply this expression
with a damping factor e−α(z−zst), which accounts for the
aforementioned increase in static stability in the troposphere
and suppression with height of synoptic scale vertical veloc-
ity in the vicinity of the tropopause. Finally, by multiplying
w0
g(z) with v0 we obtain:
v0w0 =
cosϕ
asinϕ
γ(1+ζ,z/H0)zez/H0−α(z−zst)v02 (A25)
In Eq. (A25), the value of α can be determined from the em-
pirical observation that w0 reaches maximum values at ap-
proximately the steering level (Knighting, 1960) and hence
∂w0
∂z (zst) ≈ 0. Dividing Eq. (A25) by v0, taking its vertical
derivative(accountingfortheﬁrstsixtermsofγ(1+ζ,z/H0)
) and assuming ∂w0
∂z (zst)=0, we ﬁnd an expression for α in
terms of zst:
α =
2+ζ
zst
+
1
H0
(A26)
Applying the averaging operator h...i to both sides of
Eq. (A25) arrive at our equation for hv0w0i (Eq. 7).
A2.3 Deducing the Ageostrophic terms in Eq. (A4)
Having completed the full parametrization of the left hand
side terms of Eq. (A4), we now continue the derivation of
its right hand side terms, starting with the ageostrophic part.
The sum of the ﬁrst and second term on the right hand side
of Eq. (A4) is:
−fhV H
0· (k×V 0
H)i−
1
hρ0i
hV 0
H·∇Hp0i
= −fhV 0
H· (k×V 0
ag)i
=f(hu0v0
agi−hv0u0
agi)
(A27)
Nonlin. Processes Geophys., 18, 807–827, 2011 www.nonlin-processes-geophys.net/18/807/2011/D. Coumou et al.: Synoptic scale kinetic energy and momentum ﬂux 823
where the subscript ag refers to the ageostrophic component
of u0 and v0, which play an important role as source/sink
terms (Lau et al., 1978; Opsteegh and van den Dool, 1979).
We assume that the vertical proﬁle of ageostrophic wind can
be described by trigonometric functions such that the hor-
izontal mass ﬂux over the total atmospheric column van-
ishes. We ﬁrst give the full derivation of these equations, af-
ter which we show that our approach is conceptually in line
with the atmospheric energy conversion cycle presented by
Lorenz (1967). Following Petoukhov et al. (2000, 2003), the
components u0
ag and v0
ag of an instantaneous synoptic scale
ageostrophic velocity in the free troposphere are expressed
as:
u0
ag =eβ0z1[A1(λ,ϕ)cos(β0z1)−A2(λ,ϕ)sin(β0z1)]+
e−β0z1[A3(λ,ϕ)cos(β0z1)+A4(λ,ϕ)sin(β0z1)]
v0
ag =eβ0z1[A2(λ,ϕ)cos(β0z1)+A1(λ,ϕ)(sinβ0z1)]+
e−β0z1[A4(λ,ϕ)cos(β0z1)−A3(λ,ϕ)(sinβ0z1)]
(A28)
Here β0 =
q
|f|
2Ksyn is analogous to the inverse Ekman height
in the theory of the planetary boundary layer (PBL), but used
here for the free troposphere. In Eq. (A28), z1 = z−1z1
where 1z1 stretches from the surface till the lower most
“turning point” of the ageostrophic velocity at the PBL-free
troposphere interface. This thus captures the change in sign
of the monsoonal branch of the atmospheric circulation. At
this “turning point”, ageostrophic circulation vanishes, i.e.
u0
ag(z1 = 0) ≈ 0 and v0
ag(z1 = 0) ≈ 0 and thus A1 +A3 ≈ 0
and A2 +A4 ≈ 0. We also impose that, over the total at-
mospheric column, the total horizontal mass ﬂux due to
ageostrophic circulation vanishes, i.e.:
u0
ag
 

1z1
1z1+
Z zup
0
u0
age−z1/H0dz1 =0
v0
ag
 

1z1
1z1+
Z zup
0
v0
age−z1/H0dz1 =0 (A29)
where u0
ag

 
1z1
and v0
ag

 
1z1
are the PBL-averaged zonal and
meridional ageostrophic velocities and zup =H −1z1 with
H the height of the upper boundary for the atmopsheric dy-
namics computational domain. With these imposed condi-
tions, we can determine A1(λ,ϕ), A2(λ,ϕ), A3(λ,ϕ) and
A4(λ,ϕ). The PBL-averaged ageostrophic components obey
the equations (Petoukhov et al., 2003):
u0
ag

 
1z1
=−
|sinhα0i|
aρ0|f|
∂p0(0)
cosϕ∂λ
≈
− v0

1z1Cα|sinhα0i|sgn(f)
v0
ag
 

1z1
=−
|sinhα0i|
aρ0|f|
∂p0(0)
∂ϕ
≈
u0 
1z1Cα|sinhα0i|sgn(f)
(A30)
Here, u0 
1z1 (v0 
1z1) is an instantaneous geostrophic, zonal
(meridional) component of the synoptic scale velocity aver-
aged over 1z1, sgn(f) equals +1(−1) for the NH (SH), and
Cα is a dimensionless constant of the order unity. hα0i is
the near-surface cross-isobar angle, which to a ﬁrst order ap-
proximation based on ﬁndings of Hansen et al. (1983) obeys:
sinhα0i≈±
˜ CD
q
hui2
1+hvi2
1+hu02i1+hv02i1
q
2f0 ˜ KPBL
(A31)
Parameters ˜ CD and ˜ KPBL are characteristic values of the drag
coefﬁcient and the kinematic vertical small/mesoscale eddy
diffusion coefﬁcient within the PBL respectively (Hansen
et al., 1983). Subscript 1 refers to variables in the PBL. In-
serting Eqs. (A28) and (A30) into Eq. (A29) we get:
hu0v0
agi =|sinhα0i| ˜ F(z)sgn(f)hu0 
1z1u0i
hv0u0
agi =−|sinhα0i| ˜ F(z)sgn(f)hv0 
1z1v0i
(A32)
where ˜ F(z) equals one within the PBL. Above it, it is given
by:
˜ F(z)=f
r
1z1
z
{sin(ξ)

eξ +e−ξh
C1hu02i+C2hv02i
i
+
cos(ξ)

eξ −e−ξh
(C2−C1)hu0v0i+C3(hu02i+hv02i)
i
}
(A33)
With ξ =β0(z−1z1) and
C1 =−
I2Iv
I2
1 +I2
2
C2 =−
Iv
I2
 
1−
I1
I2
1 +I2
2
!
C3 =
I1Iv
I2
1 +I2
2
(A34)
I1 =
Z zup
0
e−z1/H0 
eβ0z1 −e−β0z1
cos(β0)z1∂z
I2 =−
Z zup
0
e−z1/H0 
eβ0z1 −e−β0z1
sin(β0)z1∂z
Iv =−Cαsinhα0isgn(f)1z1
The full derivation of ˜ F is tedious but directly follows from
Eqs. (A28)–(A30). From these equations it follows that the
ageostrophic terms in the equation for the synoptic-scale ki-
netic energy crucially depend on atmospheric friction, which
primarily acts at the surface and within the PBL. This is con-
ceptually in line with the atmospheric energy conversion cy-
cle presented in Lorenz (1967). According to Lorenz (1967),
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on long enough (climatic) time scales the conversion-rate
(CR) of atmospheric total potential energy (TPE) into ki-
netic energy (KE) by reversible adiabatic processes as the
source of KE (Eq. 102 in Lorenz, 1967) is balanced by dissi-
pation D, due to frictional forces in the atmosphere (Eq. 101
in Lorenz, 1967). Equating the expressions for CR and D
yields (Lorenz, 1967):
−g{Vh·∇Z}=−{Vh·F} (A35)
where Z is geopotential height and F atmospheric frictional
force. Figure brackets in Eq. (A35) denote long-term and
global averaging. Splitting Vh into geostrophic Vh,g and
ageostrophic Vh,ag components, with Vh,g =g/f(k×∇Z),
gives (assuming that

Vh,ag

/|Vh|=o(1)):
−g{Vh·∇Z}=f{ugvag−vguag}≈
f{uvag−vuag}
(A36)
This shows that the contribution of ageostrophic terms to the
equation for the total atmospheric kinetic energy is directly
linked to the global atmospheric kinetic energy dissipation
andtendstozeroastheatmosphericfrictionapproacheszero.
The latter manifests itself mostly in the form of surface fric-
tion and internal friction within the PBL. This justiﬁes con-
ceptually a description of the ageostrophic terms appearing
in Eq. (4) by Eqs. (A33)–(A34) as applied in our model.
A2.4 Deducing the friction term in Eq. (A4)
The last term on the right hand side of Eq. (A4), account-
ing for friction, can be expressed in terms of the viscous
stress tensor,
↔
τ
0
, associated with V 0
H (Lorenz, 1967; Ped-
losky, 1979; Peixoto and Oort, 1984):
hV 0
H·F0
hi =hV 0
H·
1
ρ0
div
↔
τ
0
i (A37)
In a simpliﬁed form div
↔
τ
0
becomes (Peixoto and Oort,
1984):
div
↔
τ
0
=ρ0 KH1HV 0
H+ρ0Kz1zV 0
H (A38)
where 1H and 1z are respectively the horizontal and ver-
tical Laplace operators and KH(KZ) is the horizontal (ver-
tical) small/mesoscale coefﬁcient of friction. In the case
of KH = const and KZ = K1Z(λ,ϕ)+K2Z(λ,ϕ,z), where
K1Z ≈ ˜ KPBL, Eqs. (A37) and (A38) yield
hV 0
H·F0
hi=KH{1HhE0
ki−h(∇H·V 0
H)2i}
+(K1,Z+K2,Z){1zhE0
ki
−h(∇z·V 0
H)2i}
(A39)
Deﬁning Lms and Hms respectively as the characteristic hor-
izontal and vertical scale for the sum of the zeroth and
ﬁrst baroclinic mode of the representative synoptic eddy
(Fukuoka, 1951; Lorenz, 1956; Holmstr¨ om, 1963), we can
reduce the right hand side terms of Eq. (A39) in a ﬁrst ap-
proximation to:
KH{1HhE0
ki−h(∇H·V 0
H)2i}≈−2KHL−2
mshE0
ki
≈2KH1HhE0
ki
(K1,Z+K2,Z){1zhE0
ki−h(∇z·V 0
H)2i}≈
−2K1,ZH−2
ms hE0
ki+2K2,Z1zhE0
ki
(A40)
so that hV 0
H·F0
hi in Eq. (A4) can be written as:
hV 0
H·F0
hi=Kfh1HhE0
ki+Kfz1zhE0
ki
−KfshE0
ki
(A41)
where Kfh = 2KH, Kfz = 2K2,Z and Kfs = 2K1,ZH−2
ms . In
our model, we assign constant values for KH , and K2,Z. We
assume that the rate of surface dissipation is proportional to
surface friction and that the boundary layer is neutrally strat-
iﬁed. Then, based on work by Hansen et al. (1983), we let
the surface friction coefﬁcient Kfs increase with increasing
standard deviation of the orography (σoro) according to:
Kfs =
2π
τE,min
ln−2

zs
z0

(A42)
with τE,min the minimum value of the Ekman damping
timescale as occurring above the Tibetan plateau, the height
of the surface layer, zs ≈10m, the efﬁcient roughness length
z0 ≈k1σ
k2
oro where k1 =0.031 and k2 =1/
√
2. This implies,
in particular, that Hms can be calculated in our model with
Kfs prescribed by Eq. (A42) and K1z ≈ ˜ KPBL.
A2.5 Combining all terms of Eq. (A4)
In the previous sections, we derived all terms of Eq. (A4).
By inserting Eqs. (A5), (A27) and (A41) into Eq. (A4) and
neglecting the metric and self-advection terms, we obtain a
partial differential equation for the synoptic scale kinetic en-
ergy:
∂hE0
ki
∂t
=−hVi·∇hE0
ki−hu0V 0i·∇hui−hv0V 0i·∇hvi
+Kfh1HhE0
ki+Kfz1zhE0
ki−KfshE0
ki
+f(hu0v0
agi−hv0u0
agi)
(A43)
with the ageostrophic term given by Eqs. (A45)–(A34) and
the vertical ﬂux terms described by Eqs. (A7) and (A11). In
a similar way as shown here for kinetic energy, an equation
for momentum ﬂux hu0v0i can be derived:
∂hu0v0i
∂t
=−hVi·∇hu0v0i−hu0V 0i·∇hvi−hv0V 0i·∇hui
+Kfh1Hhu0v0i+Kfz1zhu0v0i−Kfshu0v0i
+f(hv0v0
agi−hu0u0
agi)
(A44)
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In this equation, only the ageostrophic term (hv0v0
agi −
hu0u0
agi) needs special treatment. Here we take the same
approach as for deriving ageostrophic terms appearing in
the kinetic energy equation, giving equations (analogous to
Eq. A45):
hv0v0
agi =|sinhα0i| ˜ F(z)sgn(f)hu0

1z1v0i
hu0u0
agi =−|sinhα0i| ˜ F(z)sgn(f)hv0

1z1u0i
(A45)
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